Abstract. Let Sg be the closed oriented surface of genus g and let Mod ± (Sg) be the extended mapping class group of Sg. When the genus is at least 5, we prove that Mod ± (Sg) can be generated by two torsion elements. One of these generators is of order 2, and the other one is of order 4g + 2.
Introduction
Let S g be the closed oriented surface of genus g. The extended mapping class group Mod ± (S g ) is defined as Homeo ± (S g )/Homeo 0 (S g ), the group of homotopy classes of homeomorphisms (including orientation-preserving ones and orientation-reversing ones) of S g , and the mapping class group Mod(S g ) is defined by Homeo + (S g )/Homeo 0 (S g ), the group of orientation-preserving homotopy classes of homeomorphisms of S g .
For Mod(S g ), Dehn and Lickorish found independently Dehn twist generating sets of Mod(S g ) [3, 11] . Humphries reduced the number of Dehn twist generators to the lowest bound [5] . Wajnryb in [17] found that the minimal number of the generators (not only Dehn twist generators) for the mapping class groups is 2.
We are also interested in the torsion generating set. McCarthy and Papadopoulos in [15] proved that Mod(S g ) can be generated by infinitely many elements of order 2 when g ≥ 3. Luo showed that Mod(S g ) is generated by 12g + 6 elements of order 2 when g ≥ 3 [12] . Brendle and Farb reduced the number of the involution generators to 6 [1] and prove Mod(S g ) can be generated by three torsion elements. Kassabov reduced the number of the involution generators to 4 [8] for g ≥ 7. Korkmaz in [9] proved Mod(S g ) can be generated by two torsion elements of order 4g + 2. Monden in [14] proved Mod(S g ) can be generated by 3 torsion elements of order 3.
For the extended mapping class group Mod ± (S g ), Dehn-Nielsen-Baer theorem [4] says that Mod ± (S g ) is isomorphic to Out(π 1 (S g )), the outer automorphism group of π 1 (S g ). Ivanov proved that Mod ± (S g ) is the automorphism group of the curve complex [6] . Brock and Margalit showed that Mod ± (S g ) is the automorphism group of the pants complex and it is also the isometry group of the Teichmüller space under the Weil-Petersson metric ( [2] , [13] ). Korkmaz showed that Mod ± (S g ) can be generated by 2 elements, one of which is a Dehn twist [9] . Stukow in [16] proved Mod ± (S g ) is generated by 3 elements of order 2.
It is an open problem if Mod ± (S g ) can be generated by two torsion elements (See [10] , Problem 5.3). In this paper, under the condition that the genus of the surface is at least 5, we answer this question affirmatively: Theorem 1.1. For g ≥ 5, the extended mapping class group Mod ± (S g ) can be generated by 2 torsion elements. One of these generators is of order 2 and the other one is of order 4g + 2.
Preliminaries

Notations:
(a) We use the convention of functional notation, namely, elements of the mapping class group are applied right to left, i.e. the composition F G means that G is applied first. Lemma 2.1. For any ϕ ∈ Mod(S g ) and any isotopy classes a, b of simple closed curves in S g satisfying ϕ(a) = b, we have:
) and any isotopy classes a, b of simple closed curves in S g satisfying ϕ(a) = b, we have: In other words, since a, b, c are disjoint from x, y, z, we have
The elements having the form of U V −1 for some disjoint simple closed curves u, v play a crucial role in our proof. The proof of the main result relies on Humphries' theorem: Consider the genus g surface as a regular (4g+2)-gon whose corresponding opposite sides are glued together, as indicated on the right-hand side of Figure 2 . We redraw the curves of Humphries' generating set on the righthand side of Figure 2 as follow. The set of curves a i 's on the left-hand side of Figure 2 is a chain of simple closed curves and fills the surface. We find a chain of simple closed curves which also fills the surface on the right-hand side of Figure Look at the (4g+2)-gon. There is a natural 2π/(4g+2) rotation preserving the gluing way of the (4g + 2)-gon. This rotation induces a period map σ of the genus g surface. Moreover, σ(a i ) = a i+1 for 1 ≤ i ≤ 2g − 1. Take a 0 = σ(a 2g ). Then we have a 1 = σ(a 0 ). Under modulo 2g + 1, we have a k = σ k (a 0 ) for all integer k and a i+1 = σ(a i ) still holds for all i's. Similarly, since σ is of order 4g+2, under modulo 4g+2, we take b 0 = b and
To see back the image of b j 's on the left-hand side of Figure 2 , since the set of a k 's form a chain of simple closed curves filling the surface, we only need to calculate the geometric intersection number i(b j , a k ) for each k on the right-hand side of Figure 2 , then find a curve with the same geometric intersection numbers with a k 's as on the left-hand side of Figure 2 . Figure  3 shows this way to think of the images of b j 's. Figure 2 and Figure 3 will be used in the proof of Theorem 3.1 to verify the disjointness between some a i and b j . 
Remark 3.2. This generating set can also apply to Mod ± (S g,1 ), i.e., the extended mapping class group of the surface with one marked point. This is because the element σ and τ • B fix the center point of the 4g + 2-gon.
Remark 3.3. From Theorem 3.1 we can also deduce that Mod ± (S g ) can be generated by 3 symmetries when g ≥ 5. The reason is that σ is like the rotation of the (4g + 2)-gon. In the dihedral group of the (4g + 2)-gon, the rotation is the product of two reflections (see the right-hand side of Figure  4 ). Such reflections of (4g + 2)-gon induce orientation reversing order 2 maps τ, τ 2 on the surface. Hence Mod ± (S g ) = τ • B, τ, τ 2 . So we can get another proof of the result in [16] under the condition g ≥ 5. Our generating set is different from the generating set in [16] . The fixed-point sets of two of the symmetries in [16] are separating curves. The fixed-point sets of our symmetries are non-separating curves.
Proof of Theorem 3.1. Denote the subgroup generated by σ and τ • B as G. We prove that G = Mod ± (S g ) in four steps:
Step 1. Under modulo 4g + 2, the following two conditions are equivalent: (1) integers i, k satisfy k ∈ {4, 5, 6, . . . , 4g − 2} \ {2g − 2, 2g, 2g + 2, 2g + 4}; Step 2. Under modulo 2g + 1 for m and modulo 4g + 2 for n, the following two conditions are equivalent: (1) integers m, n satisfy m ∈ {n, n + 4}; (2) a m is disjoint from b n . Under such conditions we have A m B −1 n and A −1 m B n are in G.
Step 3. Using the lantern relation, prove that for all k, A k ∈ G.
Step 4. Finally, G = Mod ± (S g ).
The proof of Step 1:
It is obvious that b 0 is disjoint from b k if and only if k ∈ {4, 5, 6, . . . , 4g − 2} \ {2g − 2, 2g, 2g + 2, 2g + 4} (see Figure 2 and Figure 3 It is obvious that the disjointness between a i and b 0 is equivalent to i ∈ {0, 4}. So a m is disjoint from b n is equivalent to m ∈ {n, n + 4}. From these conditions, we also see that a i is disjoint from b 0 if and only if a 4−i is disjoint from b 0 .
By the conjugacy relation, for some i, k, m, n satisfying the conditions in Step 1 and Step 2, if there exists ϕ ∈ G and a pair of disjoint curves (
n is also in G. We need to find such a ϕ ∈ G.
The proofs in odd genus case and in even genus case are slightly different. Suppose first that the genus g is odd. See Figure 5 . Notice that τ σ k τ maps a i to a i−k , hence
Taking all possible k and conjugating by σ n , we have all A m B −1 n ∈ G for m ∈ {n, n + 4}. The commutativity of A m and B n promises A −1 m B n is in G. 2 respectively. By the result of step 2, they are in G. We only need to prove EF −1 is also in G. Remark 3.4. The idea of Step 2 and Step 3 in the above proof is based on the method in [9] to prove Mod(S g ) is generated by two torsions of order 4g + 2.
